COMPATIBILITY OF KISIN MODULES FOR DIFFERENT 

UNIFORMIZERS 



TONG LIU 



Abstract. Let p be a prime and T a lattice inside a semi-stable representation 
V. We prove that Kisin modules associated to T by selecting different uni- 
formizers are isomorphic after tensoring a subring in W{R). As consequences, 
we show that several lattices inside the filtered (tp, Af)-module of V constructed 
from Kisin modules are independent on the choice of uniformizers. Finally we 
use a similar strategy to show that the Wach module can be recovered from 
the (tp, G)-module associated to T when V is crystalline and the base field is 
unramified. 
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1. Introduction 

Let k be a perfect field of characteristic p, W(k) its ring of Witt vectors, Kq = 
W(k)[l/p], K/Kq a finite totally ramified extension, Gk '■= Gal(K/K). 
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To understand the p-adic Hodge structure of Gk -stable Z p -lattices in semi-stable 
representations, the method of Kisin modules is powerful. Recall the definition of 
Kisin modules in the following: We fix a uniformiser 7r € K with Eisenstein poly- 
nomial E{u). Put © := W(fc)[u]. © is equipped with a Frobenius endomorphism 
ip via u i— ► u p and the natural Frobenius on W{k). A Kisin module of height r is 
a finite free ©-module 971 with c/?-semi-linear endomorphism ip<xn : 9Jt — > 971 such 
that E(u) r 9Jl C (y>jpt(27t)}, where (ip m (9Jl)} is the ©-submodule of 97t generated 
by </2qji(9K)- By the result of Kisin |Kis06j . for any Gif-stable Z p -lattice T inside 
a semi-stable representation V with Hodge- Tate weights in {0, . . . , r}, there exists 
a unique Kisin module 97t(T) of height r attached to T (see §2.1 for more precise 
meaning of this sentence). 

It is obvious that the construction of Kisin modules depends on the choice of 
unformizer n. If we choose another uniformizer tt' of K then we get another 9Jt'(T). 
A natural question is: what is the relationship between 97t(T) and 97t'(T)? 

It turns out that each choice of uniformizer 7r determines an embedding © ^ 
W(R) via u n> [tt\ (see §2.1 for details of the definition of W(R) and [tt\). We denote 
©tt and © w / for the image of embedding determined by 7r and 7r'. By the main result 
of [LiulOj . there exists a Gif-action on W{R) 9Jl(T) which commutes with 

y>an. I n this paper, we prove the following: 

Theorem 1.0.1. There exists a W(R)-linear isomorphism 

W(R) ® v , e ^97t(T) ~ ®,, 6l , £W(T) 

compatible with ip-actions and Gx-o-ctions on the both sides. 

In fact, W{R) in the above isomorphism can be replaced by much smaller ring 
©7r.7r'j a n d even smaller ring 6^.^' when V is crystalline. See Theorem 12.2.11 for 
more details. It turns out that we can extend Theorem ll.O.ll to discuss the relation 
between Kisin modules and Wach modules (JBer04). Assume that K — Kq is 
unramified and let T be a Gx-stable Z p -lattice inside a crystalline representation. 
Then we can attach Wach module yi(T) and Kisin module 9Jt(T) to T. Let C P ™ be a 
primitive p n -th root of unity. Set K p oa := |J^=i K((p n ) an d H p aa := Ga^X/i^poo). 
The following Theorem describes a direct relation between the Kisin module and 
the Wach module. 

Theorem 1.0.2. 9T(T) ~ (^ ® v ^ e WI(T)) h p°° , 

Here 72 C W(R) is a subring constructed in §2.2, [LiulOj and 7£ ^y?.© an c 
W(i2) <8v,e 9JI was proved to be Gif -stable loc. cit. (also see N2.1[) . 

Theorem 1 1 . . 1 1 can be used to understand lattices in the filtered (<p, iV)-modules 
attached to semi-stable representations of Gk- More precisely, Let V be a de 
Rham representation of Gk and T C V a Gif-stable Z p -lattice. It is well known 
( Bcr02]) that V is semi-stable over a finite extension K' /K. By using the Kisin 
module attached to T\g k ,, we can construct various lattices in either D st ,K'{V) := 
(l/ v <g> Qp B st ) GK ' or L» dR (V r ) := (V v O q p B d R) Gic , where V v denotes the dual of 
V. One consequence of Theorem [LOT] is that the constructions of such lattices are 
independent on the choice of w. In the end, we also discuss several lattices (inside 
the filtered (ip, iV)-module) whose constructions are independent on Kisin's theory. 
But they are useful to discuss the p-adic Hodge properties for (p-adic completion 
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of) the direct limit of de Rham representations. In particular, we hope these will 
be useful to understand those representations discussed in [Emc06 and Cai . 

The arrangement of this paper is as follows: In §2, we setup notations and 
summarize the facts needed for the proof of Theorem II. 0.11 and give a more precise 
version of Theorem ll.0.11 We give the proof of Theorem II .0. II and Theorem ll.0.2l in 
§3. We also show that the compatibility of Kisin modules when base changes (see 
Theorem 13.2. lj) . §4 are devoted to discuss various lattices inside filtered (<p,N)- 
modules attached to potentially semi-stable representations. We show that two 
types of lattices constructed from Kisin's theory do not depend on the choice of 
uniformizers and they are compatible with base change. In §4.3, we show that 
several lattices (constructed without using Kisin' theory) may help us to understand 
the p-adic completion of direct limit of de Rham representations. In particular, we 
hope that our strategy is useful to those representations studied in |Em e06 . The 
last section is the Errata of |Liul2j . 

Acknowledgement: The author would like to thank Brian Conrad for raising 
this question and Bryden Cais for very useful comments. 

2. Preliminary and main results 

2.1. Kisin modules and (tp, G)-modules. We set up notations and recall some 
facts on (integral) p-adic Hodge theory in this section. We fix a nonnegative integer 
r throughout the paper. Let V be a semi-stable representation of Gk with Hodge- 
Tat e weights in {0, ... , r}. Write V y the dual of V. By the well-known theorem of 
Fontaine and Colmez, the functor 

V^D st (V) :=(V V ® Qp B st ) G « 

induces an anti- equivalence between the category of semi-stable representations 
with Hodge- Tate weights in {0, . . . , r} and the category of weakly admissible filtered 
(<p, iV)-modules (D, <p, N, {Fil\D K }) with Fil D A - = D K and Fil r+1 D K = {0}. 
Here '■= K <E>k D as usual. The readers should be careful that we use the 
contravariant version of D st , which were denoted by D* t in many papers. But the 
current version of D st is more convenient for integral theory. 

Let R = lim O-g/p where the transition maps are given by Frobenius. By the 
universal property of the Witt vectors W(R) of i?, there is a unique surjective 
projection map 9 : W(R) —> O-^ to the p-adic completion Ojr of Ojr, which lifts 
the projection R —> Oj^/p onto the first factor in the inverse limit. We denote by 
A cr [ S the p-adic completion of the divided power envelope of W(R) with respect to 
Ker(0). As usual, we write B+ is = A cliB [l/p] and B^ R the Ker(#)-adic completion 
of W(R)[l/p]. For any subring A c £?<j" R , we define filtration on A by FilM — 
An(Ker(e)yB+ R . 

Now select a uniformizer ir of K. Let E(u) e VF(fc)[u] be the Eisenstein poly- 
nomial of 7r. Let 7r n G K be a p n -th root of 7r, such that (ir n +i) p = Tnj write 
2L = (^n)n>o £ R and let [tt\ € W(R) be the Techmullcr representative. We em- 
bed the H / (fc)-algebra M / (fc)[u] into W(R) C A cr ; s by the map u i-> [n]. Recall 
& = W(k)luJ. This embedding extends to the embedding © ^ W(R) which are 
compatible with Frobenious endomorphisms. 

We denote by S the p-adic completion of the divided power envelope of H / (fc)[u] 
with respect to the ideal generated by E(u). Write Sk '■— There is a unique 
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map (Frobenius) ps ■ S — > S which extends the Frobenius on &. We write Ns 
for the i^o-hnear derivation on Sk such that Ns(u) = —u. Let Fil™5 C S be 
the p-adic completion of the ideal generated by r y i (E(u)) :— E xf' with i > n. 
One can show that the embedding VF(fc)[w] — ► W(R) via u i— > [7r] extends to the 
embedding S 1 ^4 C ris compatible with Frobenius <p and filtration (note that _E([7r]) 
is a generator of Fil x W(.R)). We set B+ := B+ is [u] C B+ R with u := log([zr]). 

Let i^oo := |J i^(7r n ) and if its Galois closure over K. Then K = [j i^oo(Cp") 

n— 7i—l 

with ( p n a primitive p n -ih root of unity. Write := Gal(if/ifoo), i^ p oo = 

00 

U K(t p «), G p oa ■= Gal(K/K p °o), H K := Gal{K / K^) and G := Gal(K/K). For 

n=l 

any g S Gif , e(g) := is a cocycle with value in R. Set e := (C P 0i>o G -R and 
t := — log([e]) € A cr i s as usual. 

As a subring of A cr i s , S is not stable under the action of Gk , though S is fixed 
by Goo. Define a subring inside B^ ris : 

TZ Ko — fx = ^ fit {i} ,fi e S Ko and /* -> as i ->■ +00 j , 

where = ^if|(i)i an< ^ satisfies i = q(i)(p — 1) + r(i) with < r(i) < p — 1. 
Define 7?. := VF(i?) n 1Zk - One can show that 1Zk and 7?. are stable under the 
Gx-action and the G/f-action factors through G (see [LiulOj §2.2). Let I+R be the 
maximal ideal of R and I+1Z = W(J+i?) C\1Z. By Lemma 2.2.1 in [LiulOj . one have 

n/i+n ~ 6/u© = vF(fc). 

Recall that a Kisin module of height r is a finite free ©-module SOT with 95- 
semi-linear endomorphism ip m • 9Jt — »■ 9Jt such that Z?(it) r 9Jt C (</?ot(9JI)}, where 
((^an(9H)} is the 6-submodulc of 9J? generated by (p<jji(pJt). A morphism between 
two Kisin modules is just an (3-linear map compatible with Frobenius. As a subring 
of .A cr i s via u — ¥ [tt], & and S are not stable under the action of Gk, but stable 
under G M . This allows us to define a functor T@ from the category of Kisin modules 
to the category of finite free Z p -representations of Goo via the following formula: 

See §2.2 in |Liu07j for more details of T@. In particular, by Proposition 2.2.1 loc.cit., 
we can change © ur to W(R) in the definition of Tg. 

Let us review the theory of {p, G)-modules, which is a variation of that of 
Kisin modules. Following |LiulO| . a finite free (ip, G) -module of height r is a triple 
(M, p, G) where 

(1) (9Jt, ^>rprt) is a finite free Kisin module of height r; 

(2) G is a 7^-semi-linear G-action on 9fJt := TZ Tt; 

(3) G commutes with p^ on 371, i.e., for any j 6 G, 9<Pot = 

(4) regard 3JI as a <^(6)-submodule in 9JI, then DJl C 9Jt ffK ; 

(5) G acts on VF(fc)-module M := m/I+KM ~ OT/m971 trivially. 

A morphism between two finite free (tp, G)-modules is a morphism of Kisin 
modules that commutes with G-action on DDI's. For a finite free (ip, G)-module 
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DJl = (971, ip, G), we can associate a Z p [G.R-]-module: 

(2.1.1) f (OR) := Rom^jK ® y , 6 £01, W(R)), 

where G K acts on T(97t) via g(f)(x) = ^(/(ff" 1 ^))) for any 5 G G K and / G f(S&t). 

By Example 2.3.5 in |Liu07 3 , there exists an element t G W(R) such that t 
mod p ^ 0, yj(t) = Cq" E(u)t, where cop is the constant term of E(u). Such t is 
unique up to . The following theorem summarizes main results in [LiulOj . 

Theorem 2.1.1 ( [LiulOj ). (1) T induces an anti- equivalence between the cat- 
egory of finite free (ip, G)-modules of height r and the category of Gx-stable 
lip-lattices in semi-stable representations of Gk with Hodge-Tate weights 
in {0, . . . ,r}. 

(2) T induces a natural W(R)-linear injection 

(2.1.2) t: W{R)® ip ^m^f y {m)®^ p W{R), 

such that i is compatible with Frobenius and Gk -actions on both sides. 
Moreover, (^(t)) r (T V (OT) ® Zp W{R)) C t(W(R) ®„, 6 971). 

(3) There exists a natural isomorphism Te(StJl) ^> T(97t) of %j p [G ^-modules. 

2.2. A refinement of Theorem 11.0. It Obviously, the theory described by The- 
orem UTTH] depends on the choice of uniformizer tt in K. Fix a Gi<--stable Z p -lattice 
T inside a semi-stable representation V, if we select another uniformizer tt' then we 
obtain 2Jt' and £' in Equation (12.1.21) . As indicated in the introduction, one main 
goal of this paper is to understand the relation between 2JI and 9JI'. Let 6 £ (resp. 
Sn) denote the image of embedding 6 ^ W(R) (resp. S j4 cr i s ) via u4 
Write 7r' = vn_ with v_ = (i/ n ) n >o G R- Note that vq is a unit. So log([iJ) € B^ ris . 

We denote by & n > and the subrings of W(R) and A cr i s respectively via 
u i-> [V]. Let S^v be the smallest ring inside B^ is containing SVfl/p], SV/[l/p] 
and log(|V|). Set &tt,tt_' := W(-R) fl S^tt'- Similarly, let SV.tt' be the smallest ring 
inside i?+ is containing S^l/p] and SV'[l/p] and set ©tt^' := W(i2) fl SV,^'- 

Theorem 2.2.1. Notations as the above, we have 

t{&^ S^.e^aR) = £'(6^' (3^, 971') 
as submodules o/T v ®z p PF(-R). 

// V is crystalline then © Tj7r ' m t/ie above equation can be replaced by . 

Remark 2.2.2. (1) Let v — ir/ir' . Hi/ £ W(k) x then we can arrange ir' n so that 
[tt] = [v] [tt'] with v = v mod p 6 fc x . Hence ©tt.tt' = ©w = ©w'- 
(2) If v PF(fc) x then the situation could be more complicated. So far we 
do not have a good description for 6 ff , W ', even for © ff , ff ' . We warn 
the readers that may be larger than the smallest ring containing 

& K and ©tt'- For example, let E(u) be the Eisenstein polynomial of tt' . 
Then E([w'])/E(\tt\) is a unit in W(-R), because Fil 1 PF(i?) is a princi- 
pal ideal and E([tt]) and E([jt']) are generators of Fil 1 W(i?). Hence x = 
<p(E ([n'}) /E ([it])) = E([tt'}p)/E{[tt]p) € W(JJ). But is a unit in S,. 

Therefore, x G In general, a; is not in the smallest ring containing 

©tt and ©tt'. See the following example. 
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Example 2.2.3. Let K — Q P (( P ). Let tt — £ p — 1 and tt' — ( p tt. We can choose 
7r and 7r' such that tt' = ire' with e' p = e. Then the smallest ring & containing 6„ 
and &'„ is inside W(fc)[[zrJ, [e'] - 1]. If a; is in 6 then <p(x) is in W(k)l[n], [e] - 1] C 
T^-Ko H W(i2) = 7?.. On the other hand, since y £MMi) j s a un jt i n S„, we can 
write <p(x) as a series in .Ko[[7r], [e] — !]• It is easy to see that this series is not in 
W(fc)[[7r], [e] — 1]. But by Lemma 7.1.2. [Liu07_, for any y E 1Zk , there is only one 
way to expand y in a series in ifo[[zrJj [e] — !]• So y>(x) is not in W(fc)J[7r], [e] — 1]. 
Contradiction and <£>(x) ^ ©. 

Notations 2.2.4. We will reserve <^ and N to denote Frobenius action, monodromy 
action on many different rings and modules. To distinguish them, we sometime add 
subscripts to indicate over which those structures are defined. For example, (pgji 
is the Frobenius defined on OJt. We always drop these subscripts if no confusions 
arise. As we have indicated as before, Kisin's theory (and its related theory, like the 
theories of Breuil modules and (cp, G)-modules, which will be used below) depends 
on the choice of the unformizer tt, or more precisely, depends on the choice of tt„ 
and hence the embedding & W(R) via mH [tt]. We add subscripts tt_ to subrings 
in W(R) to denote subrings (like &,S) whose embeddings to B^ R depends on the 
embedding 6 <— !> W(R) via u n> [tt]. But we always drop subscripts when we just 
discuss the general theory where the embedding & «-> W(R) via u >->• [tt] is always 
fixed. Finally, Ji(x), Mdxd(A) and Id denote the standard divided power the 
ring of d x d-matrices with coefficients in ring A and the identity map respectively; 
V y denotes the dual of a representation V . 

2.3. Some facts on the theory of Breuil modules. We will use extensively the 
theory of Breuil modules, which we review in this subsection. Following |Bre97a| . 
a filtered Lp-module over S[^] is a finite free 5[i]-module V with 

(1) a </?s-semi-linear morphism tp-p : T> — > T> such that the determinant of tpu 
is invertible in S[^), 

(2) a decreasing filtration over V of S Ko -modules {FiT(X>)} ieZ with Fil°(P) = 
V and Fi\ l S Ko ■ FiV (V) C Fil i+i (V). 

Similarly, we define filtered ip-modules over S by changing S[^} to S everywhere in 
the above definition, but we still require that the determinant of ip is in S[^]. 

A Breuil module is a filtered (/j-module T> over S[~] with following extra mon- 
odromy structure: a -Kg-linear map (monodromy) Nx> : 2? — S- 2? such that 

(1) for all / e Sk and m e V, N v {fm) = N s (f)m + fN v {m), 

(2) N v tp = pipN v , 

(3) A^(FirD) c FiP" 1 !). 

A filtered (<y9, iV)- module D is called positive if Fil°£>if = D^. It turns out 
that the category of positive filtered (yj, A)-modules and the category of Breuil 
modules are equivalent. More precisely, for any positive filtered [ip, iV)-module 
(D, ip, N, F'iYDk)) we can associate a Breuil module V by defining V — S®w(k) D; 
<Pv ■= Vs®Vd] N v := N s ® Id + Id <g> N D ; Define Fil°2? := V and by induction 

Fil' +1 2? := {x E V N{x) E Fi\ l V and f^(x) E Fi\ l+1 D K }, 
where :T> -» Dk is defined by s(u) ® x i— > s(tt)x. 
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In §6 of [Brc97a , Breuil proved the above functor T> : D — > S ®w(k) D is 
an equivalence of categories. Furthermore, D and T>(D) give rise to the same 
Galois representations (Proposition 4.1.1.2 in [Brc98 ), namely, there is a natural 
isomorphism 

as Q p [Gif ]-modules. Here B^ is the period ring defined in |Bre97bj . 

Remark 2.3.1. In the theory of Kisin and Breuil modules, we use implicitly or 
explicitly the above isomorphism to connect Galois representations associated to 
filtered (ip, A^)-modules with those of Breuil modules or Kisin modules. To make 
the above isomorphism, one set the monodromy N on B^ t via N(u) = 1 (see §3.1.1 
in [Bre 98 _). So strictly speaking, the monodromy structure on B^ t may depend on 
the choice of uniformizer n. On the other hand, pick another uniformizer tt' of K. 
We have tt = j^t' with v a unit in Ok- Hence U = u' + f3 with u' = log([7r']) and 
j3 in Sjjjg. So N(u') = 1 if and only N(u) = 1. This shows that the monodromy 
structure on B^~ t is unique when we declare N(u) = 1 and it does not depend on 
the choice of uniformizer s in Ok- 

One can naturally extend Frobenius from T> to A CT i s <8>s via <p '■= i PA cria ® Pv- 
We define a semi-linear G#--action on A=ris ®s D via 

oo 

(2.3.1) o{a®x) =5^<r(o)7((-bg([e(a-)])) ®N i {x) 

i=0 

for <t G Gk , i£f and a G A cr j s . This G#— action commutes with ip on A cr i s (x) s T> 
(see Lemma 5.1.1 in |Liu08] ) . 

Given a Kisin module 9JI, one can define a filtered ^-module .Me(2T) over S in 
the following: Set M := Me {TV} = S ®<fi,& OJt and extend Frobenius <p<m to A4 by 
tpM ; — ® <PW, Define a filtration on M. via 

(2.3.2) FiPM := {x G M|l ® part (a) G FiPS* ® s 2)1}, 

where 1 ® <^ot : Al = S ® Vt e 911 — > S ®e is an S-linear map. 

Now let V be a semi-stable representation of Gk with Hodge- Tate weights in 
{0, . . . , r}, T C V a G^-stable Z p -lattice inside 7, £> = D st (V) the filtered (<p, AO- 
module attached to V and (Oil, G) the (ip, G)-module attached to T via Theorem 
|2"XT1 Let 2? = V(D) be the Breuil module and M := M e (SDl). The following 
theorem summarize the relations between Breuil modules, filtered (tp, A r )-modules 
and (ip, G)-modules (Kisin modules): 

Theorem 2.3.2. Notations as the above. Then the following statements hold: 

(1) There exists a natural isomorphism a : Q p ®z p .Me (2ft) — D as filtered 
ip-modules over S[-]. 

(2) There exists a natural injection 

(2.3.3) i : A cris ® s V ^ V w ® Zp A cr{s 



which is compatible with Frobenius ip and Gk -actions on the both sides. 
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(3) The isomorphism a induces the following commutative diagram 



(2.3.4) 



W{R) 



5s 2? ■ 



an- 



i P W{R) 



where the top map is Equation (|2.3.3|) and the bottom map is Equation 
(|2.1.2[) . The left vertical arrow is induced by a restricted to © ® v ,e 971 and 
the right arrow is induced by the injection T v <—> V y . 

Proof. (1) follows the compatibility between Kisin modules and Breuil modules. 
See §3.4 in |Liu08j . (2) is proved in §5.2 in |Liu08j . The key point is that 
Kom AcTis ip Fa i(A CI i s d§s'D } B^ ris ) is canonically isomorphic to V as Q p [Gk ]-modules. 
The proof of (3) relies on the construction of (tp, G)-modules. See Theorem 5.4.2 
in |Liu07j and Proposition 3.1.3 in [LiulOj . □ 

3. The proof of the main theorems 



We will prove Theorem 12.2. 11 Theorem 13.2.11 and Theorem 11.0.21 in this section. 
Our strategy is almost the same as that in §3.2 in [LiulOj . 



3.1. The proof of Theorem 12.2.11 To prove Theorem 12.2.11 we first show that 
the injection i in Equation (|2.3.3j) does not depend on the choices of uniformizer. 
More precisely, let V denote the Breuil module attached to V and d the injection 
in Equation (|2.3.3[) for the choice of uniformizer tt'. We claim: 

Lemma 3.1.1. There exists an A CI [ s -linear isomorphism 

P ■ A clis ® SiL V -> A cris ® S „, V 

which is compatible with Gk -actions and Frobenius such that the following diagram 
commutes 



(3.1.1) 



Ar 



A c 



A r 



Ar 



Proof. Let I + S — S D uKofuJ and D := T>/I + ST>. Then D is a finite dimensional 
-RVvector space with Frobenius tp and monodromy N on D induced from that 
on V. Proposition 6.2.1.1 in [Brc97b] showed that there exists a unique (ip,N)- 
equivariant section s : D <-»• V and V = S®w(k)s{D) as S'-modules. By Proposition 
2.2.2 in |Liul2) . s(D) C V v ® Zp A clis C V y (g>q p B+ t has the following relation 
with D st (V) = (V v ®q p P>s t ) GK : There exists a (necessarily unique) isomorphism 
i : D st (V) —y D compatible with tp and N such that the following diagram commutes 



(3.1.2) 



B 



mod u 



v y ®a„ b: 
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where u = log([7r]) £ B^, and the inverse of i is given by y i-> N n (y) (g> 7n (u). 

n=0 

If we fix a -Ko-basis ei, . . . , e d of .D s t(V), then by the above diagram, we obtain a 
basis ei, . . . , e<j of s(-D) by modulo u to ei, . . . , e<j, and 

oo 

(ei, . . . , e d ) = (ei, . . . , e d ) ^ 7 n (-u)(JV)", 

n=0 

where TV £ M dxd (Ko) is the matrix such that N(e±, . . . , e d ) = (ei, . . . , e<j)iV. 

Now by changing to another uniformizer 7r', we get s'(D') injects to V v ®q p B+ 1s . 
Modulo ei, . . . , e<2 by u' = log([7r']), we get the basis e^, . . . , e' d of s'(D') and 

oo 

(e / 1 ,...,e rf ) = (e 1 ,...,g e2 )^7n(-u / )(iVr. 

n=0 

Write 7T = ^7r ' with !/ = (V„)n>o € R- Since is a unit in Ok, log(|V|) is in B^. [s . 
Now we get 

oo 

(3.1.3) ( ei , . . . , e d ) = (e[, . . . , e d ) £ 7n (- log(H))(iV)" 

n=0 

We remark the sum in the right side of the above equation is indeed a finite sum 
because TV™ = if n is large enough. Now the lemma follows the facts that 

oo 

s(D) ®y/(k) S — T> as ^-modules and that the matrix Yl 7n( — log([V]))(7V)" has 

n=0 

coefficients in B^ ris . 

□ 

Corollary 3.1.2. Let ei, . . . , e<j oe an ^ [-]-6asis o/ T> and e[, . . . ,e' d QUI S^i [ — j - 
&asis ofD'. Then (e^, ...e d ) = (ei, . . . , e d )X wii/i an invertible matrix X whose 
entries ave in S^-jt'- IfVis crystalline then X has entries in S^j^ . 

Now we are ready to prove Theorem 12.2.11 Let ei, . . . ,e d be an (3-basis of 9Jt, 
and e[, . . . , e' d an S-basis of 9Jt' respectively. Regarding 9Jt as an <^(©)-submodulc 
of T> via the isomorphism a : Q p <S>z p A<©(971) ~ £> by Theorem 12.3.21 (1), we can 
regard {ej} as an S„ [i]-basis of V. Similarly, {e ■} is an S' n [-] basis of V. So by the 
above corollary, we may write (e' 1; . . . , e' d ) = (e±, . . . , ed)X with X having entries in 
Sn^i, and in S if V is crystalline. 

Now to prove Theorem 12.2.11 it suffices to show that X has entries in W(R). 
Define an ideal 

I [1] W{R) := {x £ W(R)\(p n (x) E FilV(i?) for all n > 0}. 

By Proposition 5.1.3 in [Fon94 , I^'W(R) is a principal ideal. We record the 
following useful lemma: 

Lemma 3.1.3. Let a be a generator of I^'W(R) and x £ B^ ris . If ax £ W(R) 
then x £ W{R) 

Proof. See the proof in Lemma 3.2.2 in |LiulO) . Note that ip(t) is also proved to be 
a generater of I^W(R) there. □ 
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Note that the construction of t also depends on the choice of tv. So we denote t' 
for the choice of w'. By Theorem I2TT1 (2). we have i(e,) G T v ® Zp W(R) and then 
(^(t')) r t(ei) is in t'(W(R) ® v ,g„, Ml'). Then Theorem (2)," (3) implies that 
(ip(t')) r X has entries in W(R). Then X must has entries in W(R) by the above 
lemma. This completes the proof of Theorem 12.2.11 

3.2. Compatibility of basis change. Assume that T is a G^-stable Z p -lattice in 
semi-stable representation V of Gk with (971, <p, G) the corresponding (ip, G)-module 
via the fixed uniformizer tv. Let K' be a finite extension of K and (9JT', ip, G) the 
(tp, G)-module corresponding to T\g k , via the fixed uniformizer tv' of Ok>- We 
would like to compare 9Jt and 971'. 

Let k' be the residue field of Ok 1 and -FCq := W(fe')[p]- Suppose that tv_ = vtv'" 1 
where v_ = (v n )n>o € i? with z/ G a unit. Set SV,^' C B^ is be the smallest 
.Ko-algebra containing S„[^], S K >[^] and log([V]), and & K &f = W(-R) n S^tt'- Let 
S'tt^' C B^ lis be the smallest JT -algebra containing Sy[p], S^'Ip]) an ^ ©tt.tt' = 
W(R) fl S'tt.tt'- The following result is very similar to Theorem 12. 2. II 

Theorem 3.2.1. Notations as the above, we have 

i(&2L,IL' ® V ,e„W) = ^{&n,n' ®¥>,e„, 971') 
as submodules of T y ®% v W{R). 

If V is crystalline then in the above equation can be replaced by 

Proof. Here we provide a similar proof to that of Theorem l2.2.1[ We first reproduce 
Lemma 13.1.1 1 We claim that there exists an v4 cr j S -linear isomorphism 

which is compatible with Gk' -action, Frobenius such that the following diagram 
commutes 

^cris cris 

A clis ® S]sf V — i-*- V v ® Zp A cxis 

The only difference is that j3 is only Gif-equivariant. To prove the claim, we 
use almost the same proof as that of Lemma 13.1.11 but with extra care on the 
monodromy structure of B£. Write V := V\g k , and D' := V'/I+SW. We still 
have Diagram (|3.1.2|l for V and V. Fix a i^o-basis ei, . . . , e~d of £) s t(V). Then {Si} 
is a ifg-basis of D st (V'). By modulo u' = log([7r']), we have a basis e' 1; ■ ■ ■ ,e' d of 
s'(D') and the relation 

oo 

( e ' 1) ..., e ^) = (e 1 ,...,e d )^7n(-u')(iV')™, 

n=0 

where N' G IVLjxd(-^ci) i s the matrix such that N(ei, . . . , e~a) = (ei, . . . , ed)N' ■ Note 
that we use the convention N(u') — 1 by Remark 12.3.11 
Similarly, we obtain a i^o-basis ei, . . . , e<j of s(Z7) and 

oo 

(ei,...,e d ) = (ei,...,e £i )^7„(-u)(7V) n , 

n=0 
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with N 6 Mdxd(Ko) the matrix such that N(ei, . . . , erf) = (ei, . . . , ed)N. But the 
convention used here is N(u) = 1. To find the relation between N and N', let us 
fix the convention N(u) — 1. Since w = VT£ ,m , we have u = mu' + log(\v\) and then 
iV(u') = Consider the equation 

oo oo 

(e£, ...,e' d )J2 Jn(u')(N'T = (ei, ...&) = (ei, . . . , e d ) £ 7«(u) 

oo 

Taking monodromy on the both sides, we get TV' = mN. So ln(—u')(N') n = 

n=0 

oo 

Jn{— mu')(N) n . Hence we still obtain Equation (|3.1.3|) : 

oo 

(ex, . . . , e d ) = (e[, . . . , e' d ) ]T 7 »(- Mfed))^- 

The remaining for the proof of the claim and the theorem is the same as that of 
Theorem EUD 

□ 

3.3. Comparison between Wach modules and Kisin modules. Throughout 
this subsection, we assume that K = Kq is unramified. We have a natural embed- 
ding W(fc)[v] to W(R) via u h> [e] - 1 and denote & ± C W(R) the ring & via the 
embedding »i->|e] - 1. Note that T := Gal(K p ^ / K) acts on W(fc)[u] naturally 
and commutes with t/3-action. Set q := tp(v)/v. Following |Bcr04 , a Wach module 
of height r is a finite free © e -module 9X with the following structure: 

(1) There exist semi- linear ip- action and T-action on 9X such that tfsji and Tsji 
commutes. 

(2) The cokernel of linear map 1 ® : 6^ ®^,e e — > is killed by g r . 

(3) Ttyi acts on 9X/i>9X trivially. 

For any Wach module 9X, we can attach a Z p [Gk ]-modulc 

T Wa (9X) := Hom 6 ^(%W(R)); 

For any / G T Wa (9t), 5 6 Gjc , g acts on / via (gof)(x) = g(f(g- 1 x)),\/x G OX, where 
Gk acts on OX via Gk -» T. We note that usually one attaches 9X a representation 
via T(9X) := (9X<8>e £ A) v=1 (as in §1.2 in |Ber04| ). where A is constructed as follows: 
Let £" r be the maximal unramified extension of £ L in W(FrR), where Fri? is the 
fraction field of R and £ \ is the fraction field of the p-adic completion of W(k) [w] [-] . 
Set A to be the p-adic completion of the ring of integers of £" r . But it is well-known 

that Twa is the dual of T. 

00 

Let Bjt g be the ring of series ^2 o, n v n ,a n 6 Ko such that the formal series 

n=0 

00 n _ 

cLnX n converges for any x £ O-^ (the p-adic completion of O-^). Let B C TZk 

n=0 

00 

be the subring containing the sequence a n t^ n \ It is easy to check that Bjt C B. 

n— 

The following Theorem is a summary of properties of Wach modules that we 
need from |Ber04) : 
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Theorem 3.3.1. (1) The functor Tw a induces an anti- equivalence between the 
category of Gx-stable Zip-lattices in crystalline representations with Hodge- 
Tate weights in {0, . . . , r} and the category of Wach modules of height r. 

(2) Write T :— Tyva^)- Then Tw a induces an injection 

twa : W{R) ®e £ 9t ^ T v ® Zp W{R) 

with the corkernel killed by v r . 

(3) D clis (V) = (B+ g ® e ^) r and (B+ g ® e ^)/(B+ g ® Qp £> cria (V)) to/Zed by 

some power of H n=1 - — 

Proof. See Theorem 2, Proposition II. 2.1, Proposition III. 2.1, Theorem III. 3.1 in 
}Ber04] . □ 

Now we can follow the similar idea of §3.1l to prove Theorem ll.0.21 Let ei, . . . , e<j 
be an ©^-basis of the Wach module 9t and e%, . . . , e d a -FT -basis of D cris (V). The- 
orem 13.3.11 (3) implies that (ei, . . . , e d ) — (ex, ... , e<j)F with Y a matrix having 

entries in B^ g . Since - — is a unit in B for n > 1, Y is an invertible matrix 

with Y~ x G M ( ; X( j(i?). On the other hand, if e^, . . . , e' d is an 6^-basis of the Kisin 
module 9H, then we have seen from §3.1l that (ei, . . . , e d ) — (£.[,..., e' d )Y' with V 
a matrix having entries in S , 7r [^]. Note that both Y and Y' are invertible matrices 
in M dxd (K Ko )- Therefore (ei, . . . , e d ) = (ei, . . . , e' d )X with X = FT" 1 . On the 
other hand, Theorem [3XT] (2) implies that v r {i(e' 1 , e' d )) C i Wa (W(R) <g>e £ ^). 
Therefore v r X has entries in It is well-known that v = [e] — 1 is a generator 

of /MW(-R). So Lemma [3.1.31 implies that X has entries in W(R). Similarly we 
can show that X^ 1 has entries in W(R) . 

Now we conclude that l(TZ ® v ,e 9Jt) = twa(K <53>e E 91)- To prove Theorem ll.0.2[ 
it suffices to show that 6^ = (1Z) H >>°° . Since it is easy to show that BPiW(R) = &c, 
it suffices to check that (1Zk ) Hp °° = B. 

Note that the G/f-actions on 1Zk factors through G. We have the following 
results on G p ^ and Goo-invariants of 1Zk '■ 

Lemma 3.3.2. (TZ Ko ) Gp0a = B and (K Ko ) G °° = S[±]. 

Proof. We first show that {1Zk ) Gp °° = B. First assume that p > 2. Since G ~ 
Gpoo x Hk by Lemma 5.1.2 in |Liu08] . we can pick are G p oo such that r is 
a topological generator of G p °° and [e(r)] = exp(— t). For any x e TZk , by the 
definition of 1Zk , we may write x = 2i=o with /, S B. It suffices to show that 
fi = for any i > 0. Note that r acts on B trivially and t(u) — u[e(r)] — u exp(— t). 
Hence t(x) = J^Zo /i(exp(-i))V. So by Lemma 7.1.2 in }Liu07j . x 6 (1Zk ) Gp,x 
implies that /i(exp(— t))' 1 = fi for all i. Therefore fi — unless i = 0. If p = 2, 
then §4.1 in |Liul0j shows that we can pick are G p oo such that [e(r)] = exp(— 2t). 
The remaining proof can proceed the same as before. 

For the proof of (TZ Ko ) G °° = S[±], we use the essentially the same idea. For any 

x 6 TZk , we can write x — YlJLo fj^ w ^ n fj e For an y -9 e ^°°> = u 

and <?(£) = x p (<?)£ where x p is the p-adic cyclotomic character. Then the statement 
that (JIk ) G °° = S[^] again follows Lemma 7.1.2 in [Liu07| . 

□ 
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4. Applications to de Rham representations 

4.1. Various lattices in D st (V). Let T be a G^-stable Z p -lattice inside a semi- 
stable representation V of Gk with Hodge- Tate weights in {0, . . . , r}. By using 
Kisin modules or its variation, we can attach the following (^-stable W(/c)-lattices 
(related to T) in D 3t (V) as the following: Let 9JI = (2Jt, ip, G) be the (ip, G)-module 
attached to T, V = S[±] (g^e and D := V/I+SV. Recall there exists a unique 
(ip, 7V)-equivariant section s : D — ► T>. By Proposition 2.2.2 in [Liul2j . there exists 
a unique isomorphism of iy(fc)-modules i : D st (V) ~ s(D) to make Diagram (|3.1.2j> 
commutes. Now we can define 

Mgt (T) := (r 1 o s)(m/uM) C D st (y) 

as in |Liul2) . §2.3. On the other hand, set M = M S (M) = S <S) V ,6 9Jt C V, we can 
define 

M st (T) :=i-\ S (D)nM). 

Let w G Oif and w = {vj n ) G R with G7„ a p n -th root of w. Set := log(|W]) 
and A+ t :— A cr ; s [o]. It is obvious that = B^ t and the construction depends 

on the choice of t>. If we define the monodromy operator TV on B^ t via N(t>) = 1 
then we see that A^ t is Gk -stable, </?-stable and iV-stable inside B^. Define 

M„v(T) := (T v ® Zp A+f K . 

If Vis crystalline then M- mv (T) = {T v <g> Ilp A clis ) GK and the construction of M inv (T) 
does not depend on the choice of w in this case. 

Remark 4.1.1. According to Remark 12.3. 1[ the integral theory via Kisin modules 
or Breuil modules uses the convention N(u) = 1. So if we set N(v) = 1 as the 
above then we change the monodromy setting of Breuil-Kisin theory. But luckily, 
the construction of M- luv does not depend on Breuil and Kisin's theory. 

The following Proposition summarizes some properties of these lattices. 

Proposition 4.1.2. (1) M st (T) C M st (T). There exists a constant c\ defend- 
ing one=[K : K ] and r such that p Cl M st (T) C M st (T). 

(2) Assume that V is crystalline. Then M st (T) C Mi nv (T). There exists a 
constant C2 depending on e and r such that p C2 Mi nv (T) C M st (T). 

(3) M st (T) is N -stable inside D. So is M st (T) ifp>2. 

(4) M; nv (T) is ip- stable and N -stable inside D st (V). 

(5) The functor M- lnv : T \- > M- mv (T) is left exact. 

(6) If e = 1, r < p — 2 and V is crystalline then M st = M st — M- lm . 

Proof. (1) Write M = M st (T), q : V ^> D and M = soq(M). It is easy to check that 
M/uVfl = q(M) inside D. So it suffices to show that M C M. Note that soq(x) = x 
for any x G s(D). Since M C M, we see that M — so q(M) Cso q(M) = M. To 
show the existence of the constant c\ it suffices to show that there exists a constant 
c\ such that p Cl M C M. and this has been proved in Lemma 7.3.1. in |Liu07j . 

(2) We regard V as a submodule of V v ®i v A cxl& via the injection i : J 4 C ris®sI' 
V y ®z p A cris by Theorem [2X2l (2). It is easy to check that M C T v ® Zp A cris 
by Theorem 12.3.21 (3). By the construction of isomorphism i in Diagram (j3. 1.2(1 . 
s(D) = D clis (V) if V is crystalline. So we have that M st (T) C M inv (T). Let 
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ei, . . . , ed be a W(k)-b&sis of M — M s t(T). For any x € M- lnv (T) we may write 
.x = J2i a i e i with a; £ Kq. By Lemma 5.3.4. in }Liu07j . t r x £ A crls <E>s M.. By 
the proof of Proposition 2.4.1. in [Liullj . we see that there exists a constant C3 
depending on e and r such that p C3 A clis ®s M C A cris ®vf(fc) By (1), we may 
assume that p C3 A cris <g>s M C A CI i s ®w(k) M. That is, p C3 t r x = J2i a iP C3 t Te i e 
^4-cris ®w(k) M. So p Ca t r a,i £ A CI - 1S . Let C4 be the largest integer depending on r 
such that t r /p Ci £ A CI i s . Then we see that C2 = c 3 + C4 is the required constant. 

(3) These are consequences of Proposition 2.4.3, and Proposition 2.4.1 in |Liul2j . 
Note that Proposition 2.4.1 requires p > 2. 

(4) and (5) are obvious from the construction. We note that (5) is different from 
the statement (3) because we change the iV-structure on B^~ t by setting N(t>) = 1. 

(6) In this situation, the G_R--stable Z p -lattices can be studied by Fontaine- 
Laffailles theory in |FL82j . Recall a strongly divisible W r (k) -lattice (L ) Fil t L,(pi) 
is a finite free T4 7 (fc)-module L with the following structures: 

• A filtration FiVL C L such that Fil°L = L, FiF _1 £ = {0} and L/FtfL is 
torsion free. 

• ifi : FiVL — >• L is a Frobenius semi-linear map such that fi\-pi\ i + 1 L = Pfi+i- 

• ^m i L)=L. 

Since p i \<p(Fi¥A cris ) in A cris for < i < p—1, one can define ifi := (p/p 1 : FilM cris — > 
A CI i S . By the main result in |FL82j . there exists a strongly divisible W(fc)-lattice 
(L,FH l L,(pi) such that Hom w(s , )jFU i ;¥34 (£, A cris ) ~ Tandi[i] = D clis (V) as filtered 
(93, N)- modules (we can define tp on L by <p = tpo)- On the other hand, define 
C := S ®w(k) L, FiVC := 5Zl=o Fh'S ® FiV~ t L, and a semi-linear map cp r := 
Yli^o^i.S ® </V-i,Z : Fiir ^ -> £, where := ips/p 1 : FiFS -> 5 and y> r -i,L = 
ip r -i : Fi\ r ~ l L —} L. It is easy to check that (£, FiF£, ip r ) is a quasi- strongly 
divisible S-lattic^ inside V in the sense in |Liu08] (see Definition 2.3.3). On the 
other hand, M — Meffll) is also a quasi-strongly divisible S'-lattice inside V, 
which is the key point in |Liu08j . §3.4. For any quasi-strongly divisible S'-lattice J\f 
inside £>, Proposition 3.4.6 loc. cit. show that the functor 

T cris : N 1 y Komsw^Af, A cris ) 

establishes an anti-equivalence between the category of quasi-strongly divisible S- 
lattices and the category of Goo-stable Z p -lattices inside semi-stable representations 
with Hodge- Tate weights in {0, . . . , r}. Now we claim that T cris (£) ~ T clis (A4) as 
Z p [Goo] -modules and consequently C ~ M.. Indeed, it is straightforward to check 
that T cris (£) ~ Hom ff(i .) jPil < , Vi (L, A clis )\ Gaa ~ T\a x . On the other hand, combing 
Lemma 3.3.4 in |Liu07| and Theorem EHU (3), we see that T clis (M) ~ T 6 (2Jt) ~ 
f(OT)| Goo = T| Goo . So T cris (£) ~ T cris (X). In summary, there is an S-linear 
isomorphism .M ~ 5 ®vr(fe) L compatible with (^-structures. Recall that s : D — > T> 
is unique t/3-equivariant section for the projection T> -» D. So we conclude that 
soq(M)=L = M st (T) = M 8t (T). 

It remains to show that M; nv (T) = M st (T). The idea is the same as the proof of 
existence of C2 (02 = in this case). Let e%, . . . , ed be a W / (fc)-basis of L = A/ st (T). 
For any x £ Mj nv (T) we may write x — X)i a i e i with otj G JtTg - Lemma 5.3.4. in 



Here we use "S-lattices" to distinguish strongly divisible Vy(fc)-lattices in Fontaine-Laffaillcs 
theory. 
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|Liu07j showed that t r x G A C n S ®s M = A a - ls ®w(k) L. Hence t r x — J2i a it Te i S 
^4cris ®w(fc) L. So fat G A cr i S . As r < p — 2, has to be in to make 

(X%t T £ ^4cris- I— 1 

Remark 4.1.3. The functor M st enjoys some nice properties. For example, it is 
useful to study torsion representations discussed in |Liul2] and [Lmllj . and it is 
compatible with tensor products. But M st does not have good exact properties 
where M- lnv is left exact. And this is important for ij4.3l 

Example 4.1.4. Unfortunately, the functor M st is not left exact as claimed in 
Theorem 2.1.3 (the remaining of the theorem is still correct). Indeed, Example 
2.5.6. in |Liul2| just serves the example that M st neither left exact nor right exact. 
For convenience of the readers, we repeat the example here. Let K = Q p (ir) with 
7T P_1 = p. Set E(u) — u p_1 — p. Let 9Jt be the rank-2 Kisin module given by 
<p(e\) — e\ and (f(e 2 ) — ue\ + E(u)e2 with {e^} an 6-basis of DJl. Let &* — & ■ e be 
the rank-1 Kisin module with e the basis and ip(c) — E(u)t. Consider the sequence 
of Kisin modules 

(4.1.1) o-*-6*4ajt4e->-o 

where f and i is induced by f(ei) = p and f(e2) = u and i(e) = ue\ — pe-i. It is easy 
check the sequence is a left exact sequence of Kisin modules with height 1 and the 
sequence is exact after tensoring Os, which is the p-adic completion of 6[^]- As 
explained above Example 2.5.5 in |Liul2j and Lemma 2.5.4. loc. cit., Theorem (0.4) 
in |Kis06j implies that the above sequence of Kisin modules can be naturally be 
extended to sequence of {if, G)-modules, and T of the sequence is an exact sequence 
of Gk -stable Z p -lattices in crystalline representations with Hodge- Tate weights in 
{0,1}: 

-> Z p -)• T -> Z p (l) -> 0. 
Now modulo u to the sequence in (|4.1.1j) . we get the sequence of VF(fc)-modules: 

-> W(k) - e4m4 W{k) -)• 0, 

where M — DJl/uVJl ~ M st (T). We can easily check that the above sequence is not 
exact on M and W(k). Hence the functor M st is not left exact according to the 
construction of M st . 

4.2. Various lattices in DdR,(U). Let V be a De Rham representation of Gk 
with Hodge- Tate weights in {0, . . . , r} and T a Gif-stable Z p -lattice inside V. It 
has been proved that V is potentially semi-stable ( Ber02 ). Let us assume that V 
is semi-stable over K' , which is a finite and Galois over K. Let k 1 be the residue 
field of K' and K' := W(k')[±]. 

Set D dR (V) := (V v ® Qp B+ R ) G « and D st , K , := {V y ® Zp B+) G *' . It is well- 
known that D^K'iV) := (V v ® Qp B+ R ) G ><' = K' ® k > q D st . K ,{V) and D st . K , has a 
semi-linear G&\{K' / K)-a,ctioxi. Let M* t K/(T) C D 8 ^k' (V) denote the lattices M st , 
M st and Mj nv constructed in ! )3.1l for T\c K ,- 

We define one more lattice before discussing the properties of M*^/. Let 
(2t, 99, G), M C 5 and D denote the data attached to T\g k , as in the begin- 
ning of M3 - 1 1 Since T> = S ®w(k) s{D) via section s and D is isomorphic to 
D s t,K'(y) via the isomorphism i in Diagram p.l.2p . we may identify V/FiVSV 
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with D dR , K '(V). Set MdR,K'(T) = M/Yi^SM C V/Fi^SV ~ D dR . K ,(V) and 
M dR (T) := £> dR (lO n M dR , K '(T). 

The following proposition shows that the constructions of M st K' and M^k 1 do 
not depend on the choice of uniformizer tt G 0^< . 

Proposition 4.2.1. Notations as the above, constructions of M st .K' and MdK.K' 
do not depend on the choice of uniformizer tt £ Ok 1 ■ IfVis potentially crystalline 
then M s t,K' and M- lnv ^K> also do not depend on the choice of uniformizer tt € Ok 1 ■ 

Proof. Since we only use Gk 1 -structure in the following proof, without loss of gen- 
erality, we may assume that K = K' . Suppose that we select another uniformizer 
tt' G Ok and the embedding & C W(R) via u i-> [V]. We add ' to all the data for 
the choice uniformizer tt' and the embedding & C W(R) via u H> [tt']. We note that 
the embedding s : D C V C T v <8>z -B+ is indeed depends on such choice because the 

oo 

isomorphism i" 1 : s(D) ~ Z? st (V r ) is given by y h-> N l (y) <8> 7i(u), unless TV = 

71=0 

or, equivalently, is crystalline. So we label the isomorphisms i^ : D st (V) ~ s(D) 
and Ztt' : D s t(V) ~ s'(D') to distinguish them. Recall that i+i? C i? is the maximal 
ideal of i?. Let v : W(R) —> W(k) be the projection induced by modulo W(I+R). 
§3.2 in |Liul2j showed that v can be naturally extended to v : B^ t — > Kq such that 
z/(u) = 0, where K = W(k)[±\. We write 1+ := Kev(u). 

From the construction of M B t, we have the following commutative diagram: 

i mod , 

At(^) c B+ ® s 2? K ® Ko D st (V) 

i 1 mod u 

c i mod I-l 

a(D)<—* ^ X>c ^ B +. s 0S p x ® Ko D 

Here 7 is just the composite of maps W(R) ® V) e 9Jt »- W(k) ®w(k) 

and W(k) ®w(k) 9Jl/uDJl <-> ifo ®x 13. Let us write a for the composite of maps 
in the first row of the above diagram. It is obvious that the first row (hence a) is 
independent on the choice of uniformizer tt, while the second and third rows are. 
The above diagram and the construction of M s t(T) — i^ 1 o s(2H/u37l) shows that 
M st (T) = (a- 1 o 7 )(M/(i?) «v, e OR). 

Now we select another uniformizer 7r' G 0.r-< and the embedding 6 C W(R) via 
[tt']. We still get the above diagram and M s ' t (T) = (a" 1 o 7 ')(M/(i?)(8) V: 6 x ,SK')- 
By Theorem rrXU we have W = W(R) (8^,6^271 as submodules of 

T v ® Zp W(.R). Hence j(W(R) O^.s^Iot) = 7'(VF(i?) ® v , s ,, OJl')- Since a is 
independent on the choice of tt, we conclude that M st (T) = M' st (T). 

We use the similar idea as the above to show that MdR,(T) does not depend on 
the choice of tt. For any subring B C B^ R , recall that Fi^B = Fil 1 ^^ n B. For 
any ring A C B^ such that C A, we have a natural map 

6 : A ® w(fc) Ok C B+ ®k C B+ R -> B^/Fil 1 ^ = C p 
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induced by modulo Pil . Now according to the construction of MdR(T), we can 
modify the above diagram as the following: 

D dR (V)( ^ K ® K „ B+ <g) S V mod F £ C p ® K D dR (V) 

i I mod u 

K ® Ko s{D)^^ K ® Ko PC _ B + is ® s (K ® Ko V) =2i?1Cp ® K (K ® Ko D) 

M<- *~ A cris ®s M mod F » Cp ®o K M/F^M 

We see that the map olk in the first row is still independent on the choice of 
uniformizer n and M dR (T) := (o^ 1 o 7_ftr)(A;ris <8>s M). Now repeat the proof of 
that M 8 t does not depend on the choice of it, we conclude that M dR (T) does not 
depend on the choice of n. 

When V is crystalline (as we assume that K' = K), we see that s(D) = D CI [ S (V) 
which does not depend on choice of ir. It is clear from the construction of M s t 
that M st (T) = s(D) n (A cria ® s M). S illCG -Acris ^QiPi&^r 

submodules of T v ® Zp W(R) by Theorem 11.0.11 we conclude that M st does not 
depend on the choice of uniformizer n. Finally, it is obvious from the construction 
that Mi nv (T) does not depend on the choice of 7r or m if V is crystalline. 

□ 

We wish to discuss the formation of those functors when base changes. Let 
K" /K' be a finite extension, k" the residue field of K" and Ok" the ring of integers. 

Proposition 4.2.2. (1) M st<K ,,{T) = W(k") ® w[kl) M sttK ,(T). 
(2) M dR , K »(T) = O k » ®o k , M dRiK ,(T). 

Proof. To prove (1) and (2), we use almost the same ideas as the proof of the above 
proposition. By the first commutative diagram in the above proof, M s ^k" (T) = 
(a- 1 o 7 )(W(jR) «V,e SOT) c (V). By Theorem[3231 W(R) ® v , ejL „ Tt" = 

W{R) ® v ,G n , M' as submodules of T v ® Zp W(R). Hence we have M st , K '(T) is 
just (a" 1 o~j)(W(R) (g^.e 371") restricted to D sttK ,{V). That is, M st , K >(T) = 
M stiK "{T) n D st . K '(V). Since M st , K '(T) is a VF(fc')-lattice inside D st>K ,(V) and 
D st ',K»(V) = W{k")® w{kl) D st<K ,{V), we get W{k")® w(k , } M stiK ,(T) c M Bt .«-»(r). 
But 

W(k) ® W {k>) Tt'/\7r!]m' = W(-R) ® Vl s w , mod W(I+R) 
= W(R) 9H" mod W(I+R) = W(k) ® W (k») Tt" /^'jM" . 

Hence M st}K i (T) must generate M sti K" (T) as W (fc")-modules and then we conclude 
W{k") ® W (k') M stM ,{T) = M st>K n(T). The proof of (2) proceeds totally similarly. 

□ 

If V is semi-stable non- crystalline then M- lnV: K in general does depend on the 
choice of w. To study de Rham representations of Gk in the next subsection, we 
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fix a uniformizer vj of Ok to define A s t from now. Set 

M inv (T) := D dR (V)n(0 K >®w(k>)M iDV , K >(T)) = {0 K >®w(k>)M im , K ,{T)) G ^ K ' ' K \ 

It is easy to see that M- lnv (T) is an ©^--lattice in Dan(V) but lost the (<p, iV)-action. 
The following lemma summarizes the useful properties of Mj nv . 

Lemma 4.2.3. (1) Let K" / K' be a finite extension with the residue field k" . 
Then M inv<K „(T) = W(k") ® W {W) M iav<K ,(T). 

(2) The construction of Af; nv does not depend on the choice of K' . 

(3) The functor Mj nv is left exact. 

(4) Assume that =— >• T 2 V is an injection of two Gx-stable Zip-lattices of De 
Rham representations. If p a kills the torsion part of ' T% /7\ v then p a kills 
the torsion part of M inv (T 2 )/Mi nv (T 1 ). 

Proof. (1) It is clear that M inV:K »(r)[i] ~ W(k")® w(kl) M inv , K >(T)[±]. So we have 
W(k") ® w{k ,) M inViK /(T) C M\ m ,K"{T) as lattices inside M imtK »{T)[±]. Hence to 
prove (1) it suffices to assume that K"/K' is Galois. Write D" := M inVtK " (T)[-], 
D' = Mi nv ,jf'(T)[i], Kg = W(k")[±} and K' Q = W(k')[j}. We see that D" has 
a semi-linear Gsl(K" / K')-action and £>" ~ Kg ® K ' D' as Gal(K" / K')-modvles, 
where Gdl(K" / K') acts on D' trivially. It is obvious that the Gal(K" / K ')-action 
factors through T := Gal(K(f /K' ), M inVtK „{T) C D" is T-stable and M inVtK >(T) = 
M inv , K „(T) r . Then M inv , K „(T) = W{k") ® w(fc <) M- mVtK >(T) by the etale descent. 

(2) Suppose that K" is another Galois extension of K such that V is semi-stable 
over K". Let k" be the residue field of K" . We need to show that 

(4.2.1) (O k > ®w(k') M M '(T)) Ga1 ^'^) = {O k „ ® w(fc /,) Af inv ,^(T)) Ga1 ^"/^). 

Without loss of generality, we can assume that K' C K" . As Gal(X"/ii')-module, 
(1) shows that 

Ok» ® W {k») M im , K »{T) ^ Ojf" ®o K , (Ojc/ M inv ,K'(T)). 
Note that Gal{K" / K' ) acts on ®w(fc') M\nv,K'{T)) trivially, we obtain 

(O k » ®w(k><) Afi„v,K"(T)) Ga1 ^"/^') = (0 K „) Gal(K " /K,) M inV}K ,(T) 

= K >®w(k>)M inVtK >(T). 

Then Equation (|4.2.ip follows by taking Ga^TV/i^-invariants by the both sides of 
the above equation. 

(3) Suppose that we are given an exact sequence — > T' — > T — » T" — > 0. 

Applying functor Mi nV: x', we obtain a left exact sequence — > M" — > M — > M' 
by Proposition 14.1.21 (5). We can decompose the above sequence by two sequences 

-> AI" -> M A JV -> and TV A Af' such that the first sequence is exact. Wc 
note that the TV is a finite free W^fc^-modules as N is a submodule of M' . In the 
following, we denote Ak' ■= Ok' ®w(k') A f° r a W(fe')-module A. Since Ok> is 
flat over PF(fc'), we still get the exact sequence — > M' K , — > Mk' ^ Nr> — > 
and Nk' M' K ,. Taking Gal(iV'/iV)-invariants, we obtained a left exact sequence 
-> M inv (T") -► M inv (T) ^ (jV^)^* 7 ^ and (A^,) Gal(K ' /K) Af inv (T'). 
Write /k' : M\nv{T) -> M inv (T'). We can easily check that Ker[f K >) = Kev{g K ,). 
Hence the sequence -» M inv (T") -)■ M inv (T) -> Af inv (T') is left exact. 
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(4) Since Mi nv is left exact, without loss of generality, we can assume that 
T% /Ti is killed by p a . It is obvious from the construction of M- lnv .K' to see that 
M\ m ,K'(T2)/M\ nv .K'{Ti) is killed by p a . After tensoring Ok 1 and taking Galois 
invariants, it is trivial to check that p a kills M- lnv (T2) / M- lnv {Ti). 

□ 

It is easy to see that M inv (T) C (T v ® Zp A st ®k) Gk • But wc do not know 

how to prove that M inv (T) = (T v ® %p A st ® w{h) O w ) Gk . 

4.3. The direct limit of de Rham representations. Let I be a partial order 
set and {L^^j be a family of G^-stable Z p -lattices in de Rham representations 
Vi of Gk with Hodge- Tate weights in {— r, ...,0} (r is independent on i). Let 
L := hm. e/ be the direct limit. Fix a uniformizer w € Ok as the last subsection 

to define A st and Mj nv . We define a covariant version of M; nv via Mj^ v (T) := 
M inv (T v ). Set M, = M* m {U) and M := Iim. eJ Af<. 

Recall that L is p-adically separated if L injects to the p-adic limits L of L, or 

oo 

equivalently, |"| p"L = {0}. 

71=1 

Proposition 4.3.1. If Lis p-adically separated then M is p-adically separated. 

Proof. Write : L t -> and g VJ = M* nv (fij) : M i "> m j- Note that Lj/fij{ L i) 
and Mj / gij(Mi) may not be torsion free. Pick aye M$ such that <?j(y) 7^ 

00 

where ^ : Mj — ► M is the natural map. We need to show that gi{y) $ f] p n M. 

71=1 

00 

Suppose that gi(y) is in |~| p n M. Then there exists a subset J = {j n } C / 

71=1 

with j n < jn+i and y n € Mj n such that = gij n (y)- Consider the space 

Ker(/y n ) C Li, which is an increasing sequence of saturated finite free Ok -modules 
inside Li. So they have to be stable after deleting finite many j n . Hence without 
loss of generality, we may assume that all Ker(/y n ) are the same and then /y n (Li) 

are all isomorphic. Now we decompose /y n : Li — > Lj n to Li -4- fij n (Li) Lj n 

and apply the functor M* 1V . Then we get the map M t H M£ v (/y„(L;)) ^> M in 
where = M* BV (f n ) and a„ = Mi^ v (a n ). Note that a n is an injection because 
Af; nv is left exact. Since gij n = a n o /„, if p an and p b ™ kills the torsion part 
of M^ v (f ijn (Li))/g n (Mi) and M jn /a n {M? nv (f ijn {Li))) respectively, then p a " +f >" 
kills the torsion part of Mj n /gij n (Mi). Now we claim that there exists an integer 
rxii such that p mi kills the torsion part of Lj n / fij n (Li) for all n. Let us first 
accept the claim. Then Lemma 14.2.31 (4) proves that p mi kills the torsion part of 
Mj n /a n (M* nv (fij n (Li))). Since the exact sequences 

-y Ker(/yJ -> L 4 ^ -> 

are isomorphic for all n, we see that a„ is independent on n. Hence there ex- 
ists an ra\ independent on n that p mi kills the torsion part of Mj n /gij n (Mi), and 
this contradicts the existence of y n . Hence gi(y) has to be and M is p-adically 
separated. 
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Now it suffices to settle the claim. Since all fij n (Li) are isomorphic, without 
loss of generality, we may assume that /y n are injective for all n. Hence we may 
regard Li is a submodule of Lj n via Let T n = (Q p ®z p Li) f] Lj n . Then 

T n are increasing finite free Z p -lattices inside Q p (E>z p Li. It suffices to show that 
T m = T m+ \ if m is sufficiently large. In fact, if T„ is keeping increasing its size then 
it is easy to show there must be a x G Li such that x = p l y ni for a y ni € T ni C £„, 
for Z > 1. But this contradicts that L is p-adically separated. 

□ 

The above proposition is actually motivated by the situations in |Eme06| and 
[Caij . In the following, we discuss the situation in §7.2 of |Eme06] and also use 
notations there. Fix a compact open subgroup K p of GL 2 (Z P ); We refer to K p as 
the "tame level". Fix a finite extension E of Q p with ring of integers Oe- Write 

U\K p ) 0e :=]h^B 1 (Y(KPK p )/^0 E ), 

K p 

where the inductive limit is taken over all open subgroups K p of GL 2 (Z p ), Y(K p K p ) 
is the modular curve determined by K p K p and the cohomology is etale cohomology. 
By Lemma 7.2.1 in [Eme06 , H 1 (K p )q e is torsion free and p-adically separated. Set 
R{K p ) 0e thep-adic completion of H 1 ^)^ andH 1 ^)^ := E® 0e ^{K p ) 0e . 

Lemma 7.2.5 loc. cit. showed that H [K v )e is an admissible unitary representation 
ofGL 2 (Q p ). 

Since we only concerns the local properties at p, we restrict all the above Ga- 
lois modules (they are Z p [Gal(Q/Q)]-modules) to Gal(Q p /Q p ) but still use the 
same notations. Now apply the functor M* nv to 'H 1 (Y(K p K p )/fj, Oe) and set 
Mk p Kp ■= M i * DV {U 1 {Y(K p K p )/^,0 E ))- By comparison theorem, M Kp K? is ob- 
viously a Z p -lattice in the de Rham cohomology Hj R (Y(K p K p )q-, E). Proposition 

14.3.11 implies that Mkp '■= lim Jf Mk p kp is p-adic separated. Define H dR (K p ) the 

p-adic completion of Mkp and K dK (K p )E := E®o E ^-$r(K p )- By the construction 

of M inv , we easily see that H dR (K p )E has a continuous action of GL 2 (Q P ). It is 
natural to ask the following questions: 

Question 4.3.2. (1) What we can say on the GL2(Q p )-action on K dR (K p )E r ! 
Is it an admissible unitary representation of GL 2 (Q P )? 

(2) Is there any relation between H (K p )e and H dR (X p )s? Could we build a 
comparison theorem to compare them? 

Let T be a Gif-stable Z p -lattice inside a De Rham representation. We may 
define M^ v {k) (T) := lim^ M inv>F (T v ) where F runs through all finite extensions of 

K. It is easy to see that M^ k \T) is a finite free VF(fc)-module with a (ip, N, Gk)~ 
action and the G^-action factors through a finite quotient of Gk- We note that 
Proposition 14.3.11 is still valid after replacing M inv by M^ k ^ , because the proof 
only uses the Lemma 14.2.31 (3) and (4) and it is easy to check that these are still 
valid for M™} k) . If we apply the functor M™} k) to R\K p ) 0e the above then the 
direct limit of (H 1 (Y(K p K p )/Q p , O e )) is separated and can be completed. 
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Denote this completion H st (K p )q e , which has a natural (tp, N, Gx)-action and 
a GL 2 (Q p )-action. It is natural ask Question 14.3.21 (1) for K st (K p )o E again 

1, W(jfc) ^1 

and the question that what are relations between H st {K p )q e , H {K p )e and 

Finally, we may define M™ {k) (T) := lim M 8t , F (T v ), which is another W(k)- 
lattice inside Q p <g>z p M^} k '(T) which is (<p, N, Gif)-stable. Though the functor 
^M^(fc) en j y S man y g 00 d properties (for example, M st , F (H 1 (Y(K p K p )/Q p , Oe)) 
does has geometric interpretation if Y(K p K p ) has a good reduction over F), we 

do not know the direct limit of M^ {k) (R 1 (Y(K p K p )/Q p , O e ) is p-adic separated 
as the functor M st in general is not left exact. Hence its p-adic completion may 

contain few information to understand H (K p )e- 

5. Errata for |Liul2j 

Theorem 2.1.3 in |Liul2j claimed that the functor M st is left exact. Unfortu- 
nately this is false as Example 14.1.41 explains . Given an exact sequence of lattices 
in semi-stable representations — >• T" — > T — > T" — > 0, Lemma 2.5.4 in [Liu 12] 
showed that the associated sequence of Kisin module — > SOT" — > 9!Jl — >• SOT' — > is 
left exact. But it is not true in general that the sequence 

-> 9Jt"/u9Jt" -)• -> Tt'/ufM' -)• 

is exact on 93t/u9Jl. This is exactly the mistake (of the sentence right before Lemma 
2.5.4 in |Liul2j ) when proceeded the proof that M st is left exact. 

Theorem 2.1.3 in }Liul2j except this claim is still correct and we have not used 
this claim in |Liul2] and our other papers. 
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